Coherent control experiments in molecules are often done with shaped laser fields. The electric field is described classically and control over the time evolution of the system is achieved by shaping the laser pulses in the time or frequency domain. Moving on from a classical to a quantum description of the light field allows to engineer the quantum state of light to steer chemical processes. The quantum field description of the photon mode allows to manipulate the light-matter interaction directly in phase-space. In this paper we will demonstrate the basic principle of coherent control with quantum light on the avoided crossing in lithium fluoride. Using a quantum description of light together with the nonadiabatic couplings and vibronic degrees of freedoms opens up new perspective on quantum control. We show the deviations from control with purely classical light field and how back-action of the light field becomes important in a few photon regime.
I. INTRODUCTION
Coherent control [1] [2] [3] [4] [5] has greatly contributed to the understanding of how photo-chemical reactions can be manipulated and what the limits of controllability are. In a typical optimal control experiment a short laser pulse drives optical or infrared transitions aiming at optimizing a specific objective such as the yield of a photo-chemical reaction. This can be achieved by creating interference between light induced pathways [6, 7] or by steering wave packets in a desired direction [8, 9] . These control principles have been realized in optimal control experiments and investigated theoretically by means of optimal control theory. Given an input laser pulse of a fixed temporal length one can then shape the pulse in the frequency domain by changing phase, amplitude, and polarization of the frequency components in the pulse spectrum. Thus in a classical description of light there are three variables for a single frequency mode. However, in a quantum description of light the behavior of a single frequency mode can be described by a variable number of Fock-states, their amplitudes and phase (and polarization). This new description leads to a wealth of new control knobs for coherent control. The quantum nature of light becomes relevant in the few-photon regime. This regime can be reached either with low intensity beams or in a spatially confined field mode, such as in a nano-cavity.
In the latter situation the strong light-matter coupling can be achieved by considering the molecules to interact with a confined light mode of the microscale or nanoscale optical cavities [10] . Such hybrid light-matter systems * markus.kowalewski@fysik.su.se are then characterized by the properties of the common light and matter eigen state and are called polaritons or dressed states.
Over the past few years, polaritonic chemistry became an emerging field which provides a novel tool for modifying and controlling the chemical structure and dynamics. Several experimental [11] [12] [13] [14] [15] [16] and theoretical activities are concentrated in this field since the pioneering experimental work by the group of Ebbesen, when it was observed that the strong light-matter coupling could change the chemical landscapes and chemical reaction [11] . Among others it was found that the strong coupling can modify the absorption spectra [12, 14, 17, 32] , the nonadiabatic dynamics [28] [29] [30] , the supermolecular polaritonic states provide very fast non-radiative energy transfer [14] .
In this paper we will discuss the basic opportunities for coherent quantum control that can be achieved with typical quantum states of light, such as Fock-states, squeezed states, and coherent states. A study showing the general differences between quantum and classical light has been presented in Ref. [37] . Here, we demonstrate how a single photon mode -in quantum or classical description -may be used to control the reaction outcome at the avoided crossing in LiF and present a general coherent control concept for quantum light. We will begin by presenting the underlying theoretical description of the coupled system of molecule and cavity, followed by an introduction of the envisioned control principle. Thereafter we will present the results for the control of the nonadiabatic dynamics of the LiF molecule and a discussion of the different scenarios.
II. THEORY A. The Hamiltonian
For the interaction of the quantized light field with a two-level system, we consider the full Rabi Hamiltonian [40, 41] , which is given bŷ
where H e , H c and H I describe the electronic and photon degrees of freedom, as well as the light-matter interaction. Here, σ = |g e| acts on the |g electronic ground state and the |e excited state,â ( †) is the bosonic annihilation (creation) operators of the photon mode, ω 0 = (ω e − ω g ) is the energy difference between the electronic states, and ω c is the resonance frequency of the photon mode. The vacuum Rabi frequency describing the light-matter coupling is:
and depends on the transition dipole moment µ ge and on the vacuum field given by
where V is the quantization volume of the light mode. In Eq. 1 we have kept the counter rotating terms σ †â † and σâ. This is required to describe the ultra-strong coupling regime where g is on the order of the transition frequency ω 0 .
To allow for a convenient numerical description of the photon mode, we use displacement coordinates rather than the basis of Fock states. This can be achieved by expressing the annihilation operator in terms of their photon displacement coordinates [28, 41] :
The coordinate x is a dimensionless coordinate that is formally equivalent to a vibrational coordinate. The coupled Hamiltonian from Eq. 1 then reads:
For molecules, the transition frequency ω 0 and the transition dipole moment µ ge become quantities that depend on the internuclear separation R introducing nonadiabatic couplings [29] . The total wave function is expanded in the adiabatic states
where r represents the electronic coordinates, R is the internuclear distance and k runs over the molecular electronic states (the Σ 1 ground and Σ 2 excited states of the LiF molecule are considered in the present work). In the next step we combine Eq. 5 with the nuclear Hamiltonian in the basis of the adiabatic states, which then reads:
where, m is the reduced mass of the nuclei, V k (R) is the adiabatic potential energy curve of the k-th electronic state, and δ kl is the Kronecker delta. The first-order nonadiabatic coupling matrix element f kl (R) = k|∂ R |l describes the coupling at the avoided crossing (k,l=Σ 1 , Σ 2 ). For the sake of clarity and to demonstrate the basic control possibility we neglect the diagonal dipole moments, which would cause couplings between purely vibrational states. In Eq. 7, the g(R) coupling strength is often expressed in terms of a parameter χ which is defined by the relation g(R) = χ · µ kl (R) · √ ω c . This χ will be applied to characterize the coupling strength between the molecule and the photon mode. By quantizating the light field, the state of the field is described by a wave function rather than the wave form of the electric field. The vibrational coordinate and the photon mode can now be treated on an equal footing. The mode of the light field is treated like another vibrational mode with a harmonic potential. In comparison the coupling term for the classical light-matter coupling is
where E(t) is the time-dependent electric field. The field properties of the quantized photon mode and its time-dependence instead enter through the wave function rather than a Hamiltonian term such as Eq. 8.
B. Nuclear Quantum Dynamics Simulations
The MCTDH (multi configurational time-dependent Hartree) method [42, 43] has been applied to solve the time-dependent Schrödinger-equation characterized by the Hamiltonian in Eq. 7. The R degree of freedom (DOF) was defined on a sin-DVR (discrete variable representation) grid (N R basis elements for R = 0.846 − 21.16Å). The photon mode, x was described by N x Hermite-polynomials, H m (x) with m = 0, 1, ..., N x −1. In the MCTDH wave function representation, these primitive basis sets (ξ) are then used to construct the single particle functions (φ) whose time-dependent linear com-binations form the total nuclear wave packet (ψ)
The actual number of basis functions were N R = 1069 and N x = 250−1550 for the vibrational DOF and photon mode, respectively. The number of single particle functions for both DOF and on both the Σ 1 and Σ 2 electronic states were ranging from 10 to 44. The values of N x and n R = n x were chosen depending on the actual parameter values of the different quantum lights so as to provide proper convergence. In order to minimize unwanted reflections and transmissions caused by the finite length of the R-grid, complex absorbing potentials (CAP) have been employed at the last 5.29Å of the grid. The time of the propagation run was set t f inal =200 fs, hence the final Σ 1 state populations are calculated according to
The initial wave function ψ(R, x, t = 0) is a product of the electronic wave function, the vibrational ground state, and one of the quantum light states described in Eqs. 13, 16, or 19:
To calculate the potential energy, the dipole moment and the nonadiabatic coupling (NAC) curves of the LiF molecule, the Molpro [44] package has been utilized.
These quantities were calculated at the MRCI/CAS(6/12)/aug-cc-pVQZ level of theory. In particular, f Σ1Σ2 (R) has been computed by finite differences of the MRCI electronic wave functions. The number of active electrons and MOs in the individual irreducible representations of the C 2v point group were A 1 → 2/5, B 1 → 2/3, B 2 → 2/3, A 2 → 0/1. The calculated electronic structure quantities shown in Fig. 1 
C. Quantum States of Light
In the following we introduce the quantum states of light that are used in the subsequent calculations. Those states are used as initial states for light field at time t = 0. the photon mode is given by a Gaussian [45] ,
where its parameters for width, initial displacement, and initial momentum are given by ∆x = 2ω c (13)
The parameter α = |α|e iϕ determines the amplitude of the displacement of the vacuum state. The phase ϕ is its phase and corresponds to the carrier phase φ of a classical light field. The expectation value of the photon number is given by n = |α|
2 . An uncoupled coherent state oscillates back and forth along the photon displacement coordinate (see Fig. 2 (a)) while keeping its width constant.
Squeezed Vacuum State
A squeezed vacuum state can be viewed as the ground state of a harmonic oscillator with a modified width [46] :
cosh r + e iθ sinh r 
Here r is the squeezing parameter determining the extend of the squeezing and stretching of the Gaussian. The phase θ is the squeezing phase and describes whether the Gaussian is initial squeezed or stretched. Over time this state will perform a "breathing motion" (see Fig. 2(b) ).
The average photon number of a squeezed state increases with the squeezing parameter: n = sinh 2 r.
Squeezed-Coherent State
A squeezed-coherent state combines the idea of the squeezed vacuum state and a coherent state and can be described by [46] ,
where ∆x is the same as in Eq. 17, and x α and p α are the same as in Eqs. 14 and 15, respectively. Its expectation value for the photon number is now determined by the displacement and the squeezing parameter: n = |α| 2 + sinh 2 r. Note that here both phases, θ and ϕ determine the shape of the initial wave packet.
D. Quantum Control with Quantum Light
The control scenario that we will compare in the following corresponds to a continuous wave classical laser field. To demonstrate the basic principle and for the sake of clarity we restrict the following discussion to a single mode. In a single frequency laser field with a fixed frequency ω L the two control parameters available are amplitude E 0 and phase φ of the mode:
The quantum field mode introduced in Eq. 7 replaces the classical field and is now represented by a photon field wave function and its (uncoupled) eigen functions, the eigen functions of the harmonic oscillator (or Fockstates). The control variables are given by the initial state of the cavity mode and thus constrained only by the size of its Hilbert space. The interaction between two electronic states is then given by the operator g(R) √ 2 ω cx rather than µ ge E(t) and is controlled by the photon field wave function. In contrast to a classical description of the electric field the molecule can now also influence the state of the photon mode. This back-action will become important in the few-photon regime and may create discrepancies between quantum and classical description, which are otherwise expected to be equivalent. Absorption and stimulated emission of single photons do not change the state of classical field. However, this assumption is only valid for large photon numbers. In the limit of small photon numbers the exchange of photons between the molecule and the field mode can significantly alter the state of the field mode. The perfect Gaussian shape of a coherent state, for example, may end up severely distorted after interaction with the molecule (for an illustration of the dynamics in simple atomic see Figs. 8, 9, and 10 in appendix C).
The new control principles can now be explained in terms of the phase space of the photon mode. Figure  2 (b) illustrates the basic principle for a squeezed vacuum state in the joint nuclear-photonic subspace. The initial state is a product state made up of the vibrational ground state located at an internuclear separation of 1.6Å and a squeezed vacuum state centered around a photon displacement coordinate of 0. As the molecule moves towards the avoided crossing at 8.1Å (which also the point of resonance), the photon wave packet executes a breathing motion in x. By controlling the initial phase of the squeezed state one can control the phase of the breathing motion and thus control the strength of the interaction at the point in time when the molecule reaches the point of resonance. Since the interaction is proportional tox the width of the photonic wave packet at an instant in time will determine the effective strength of the interaction, when the molecule reaches the point of resonance. In Fig.  2(a) we illustrate the same control principle but with a coherent state. Here we can choose the initial momentum and displacement, which is equivalent of choosing phase and amplitude of a classical laser field. The displacement of the photon mode, when the molecule reaches the resonance point, will decide the strength of the interaction. Combining a coherent state and a squeezed state yields a coherent squeezed state and we now have the squeezing phase and the phase of the coherent state as control parameters.
The squeezing motion and the motion of the coherent state depend on the frequency of the light mode ω c . To effectively use their motion to control the molecular degrees of freedom the frequency of the photon mode needs to be on the similar time scale than the nuclear time evolution. 
III. RESULTS AND DISCUSSION
The initial state of the time evolution is a product state of the photon mode (see Eqs. 13, 16, or 19) , the vibrational ground state of LiF and the electronic state Σ 2 . This corresponds to an impulsive excitation with an ultra-short laser pulse to trigger nuclear dynamics. The initial state of the photon mode, that enters the product state represents the control parameters. In the following we will use different initial states for the photon mode to demonstrate the influence on the branching of the nuclear wave packet at the avoided crossing in LiF. The frequency of the cavity mode is chosen such that is in resonance with the molecule exactly at the avoided crossing. Note that in Eq. 7 we have neglected the permanent dipole moments. Since the frequency of the cavity mode is in the infra-red regime it would couple directly to the vibrational motion through the permanent dipole moments. We leave the investigation of this effect to future work and focus only on the interaction with the electronic transition dipole moments. The control objective is the population in the electronic ground state Σ 1 after 200 fs, which is compared to the field free case. The most obvious choice as an initial state is a Fock state. This has been already demonstrated for NaI in previous work [28] . Pure Fock states have the most resemblance with classical light in terms of interaction and dynamics, which has been demonstrated in [31] (See also Fig. S5 in the SM). Single Fock states do only offer the photon number n as a control parameter but lack any form of phase control. Consequently, Fock states are not considered here for control purposes.
A. Coherent states and comparison with the classical state
First, we compare different coherent states with each other, and its classical counter parts. Coherent states are thought of as a close resemblance to classical coherent light, since their time-dependent electric field expectation value yields the classical electric field (see Eq. S4 in then SM). However, the dynamics of the system only converges to a classical behaviour in the limit of large photon numbers (a Fock state within the Jaynes-Cummings model resembles the dynamics already for small photon numbers). In the regime of small photon numbers the back-action of the molecule onto the field mode will cause a significant perturbation of the coherent state. The initial state of the photon mode Ψ c is now given by Eqs. 13-15.
In Fig. 3(a) the results for coherent states with n = (1, 5, 13, 100) are shown (red, green, yellow, and blue curve respectively) alongside with the result for a classical field (black curve). The field free case is denoted by the dashed line. Here we use the coherent state phase ϕ and the classical field phase φ as a control parameter. Their coupling strengths are chosen such that the matrix elements of the light-matter coupling are comparable in magnitude. A clear variation of the final population (t f inal = 200 fs) with respect to the phase can be observed. The coherent states shows a phase dependent modulation depth of 0.2 for the single photon ( n = 1) and converges to 0.3 for large photon numbers ( n = 100). The comparison with the classical field shows a comparable phase dependent modulation depth of 0.2 and it differs in the total suppression of the final population. Note that control with a classical field or a coherent state enables suppression as well as enhancement of the final population.
B. Squeezed Vacuum State
Next, we compare squeezed states with different squeezing parameters against each other. The initial state of the cavity mode is given by Eqs. 16-17. This is a purely quantum mechanical state of light, which can not be represented by classical light. In Fig. 3(b) the population in the Σ 1 state at the final time t f inal is plotted against the squeezing phase for different values of the squeezing parameter r and a constant value for the coupling strength. The black dashed line in Fig. 3(b) indicates the result of the photo-reaction without the influence of a cavity mode. For all values of r we see a clear influence of θ on the final population. The result is a sinusoidal modulation with respect to the squeezing phase. The modulation depth increases with an increase of the squeezing parameter (values in table I), ranging from a difference of 0.066 in the final Σ 1 population to 0.26, for r = 0.5 and r = 3 respectively. Note that with an increase of r the photon number n of the cavity also increases (for the time-evolution of n , see Fig. 6 in appendix B), leading to a stronger interaction (see table I ). This results in an increasingly suppressed dissociation, which may be explained by the increased separation of the dressed states leading to a decreased population exchange [17, 29] . For all values of r investigated here the final population is always suppressed compared to the field free case.
C. Squeezed-Coherent states
We now discuss control via squeezed-coherent states. The initial state of the cavity mode can then be described by Eq. 19. Assuming that the displacement |α| and the squeezing parameter r is kept constant we now have two phase variables that can be used to control the final population: the phase space angle ϕ of the coherent state and the squeezing phase θ. In Fig. 4 the final populations are shown in dependence of θ and ϕ for a coherent state displacement corresponding to |α|=1 and two different squeezing parameters (r = 1 and r = 2). (for the time-evolution of n , see Fig. 7 in appendix B) . Both control surfaces show clear local minima and maxima in the final Σ 1 population. The control surface in Fig. 4(a) for r = 1 varies from a final population of 0.5 to 0.8, which is a larger variation than using only a squeezed state (Fig. 3(b) , green curve) or only a coherent state (Fig. 4(a) ). Increasing the squeezing parameter to r = 2 in Fig. 4(b) results in a stronger suppression of the Σ 1 population and the final population now ranges from 0.3 to 0.6. Both investigated cases allow only for suppression final population (compared to field free ≈ 0.84). This trend may be explained by the trend that quantum light is suppressing the dissociation with increasing intensity. This also consistent with the blue curve from Fig. 3(b) (r = 2). The modulation depth (from global minima to global maxima) is ≈ 0.28 in both cases. A noteworthy difference between Fig. 4(a) and Fig. 4(b) is difference in the two local maxima at θ ≈ 0.5π and the local minima at θ ≈ 1.5π: for r = 1 they differ by ≈ 0.1, while for r = 2 they are almost equal.
D. Discussion
We have investigated different quantum states of light with respect to their capability of modifying the dissociation behaviour at the avoided crossing in LiF and compared it to the control with classical single mode field. Given that the frequency, polarization of the field, and the magnitude of the interaction are fixed, the only control parameter that the classical light field provides is the carrier phase. The closest resemblance to this scenario is a coherent state, which offers the phase ϕ as a comparable parameter. However, even if we fix the effective strength of the interaction term by keeping χ √ n + 1 constant, varying the photon number n leads to differ-TABLE I. Relation between the initial photon number ( n ), the minimum and maximum change in photon number (∆ n ), as well as the minimum and maximum ground state populations (P) after the reaction has occurred in case of both the coherent and squeezed lights. For the squeezed states the r squeezing parameters are also shown. 
FIG. 4.
Final Σ1 state populations calculated as a function of the ϕ initial phase and θ initial squeezing phase, using squeezedcoherent initial states. The applied parameters are |α|=1, r=1 (a) and |α|=1, r=2 (b). In both panels the coupling strength and transition frequency are χ=0.01 and ωc=0.037 eV, respectively.
ent results. This effect can be attributed to the fact the molecule can modify the photon mode. A classical description corresponds to coherent state with a large photon number, such that the exchange of a few photons does not affect the photonic wave packet. The pictorial representation of the control principle in Fig. 2 is based on the idea that we can control the shape of the wave packet in the photon displacement mode, which in turn controls the magnitude of the interaction, when the molecule reaches the avoided crossing. The investigated states, namely the coherent states and the vacuum squeezed states are characterized by a sinusoidal time evolution of the photon displacement and a sinusoidal time varying width of the photonic wave packet. This behavior is retrieved in the modulation of the Σ 1 population for the coherent state phase and the squeezing phase. The analogy in the classical picture is given by the instantaneous value of the electric field when the molecule reaches the avoided crossing. In the quantum description of light there is now more than one parameter to steer this effect. Comparing the final populations of the squeezed states (r = 2, Fig. 3(b) ) and the coherent states for a similar photon number ( n , Fig. 3(a) ), one finds a similar variation in the Σ 1 population of ≈ 0.2. The squeezed-coherent state shows a higher controllability with a difference in the Σ 1 population of ≈ 0.28. Comparing this feature to Fig. 3 it allows for a higher degree of control over the variation in final population in Σ 1 than either the squeezed vacuum or the coherent state alone. However, classical light and coherent states are found to allow for suppression or enhancement of the Σ 1 population while for squeezed vacuum states and squeezed coherent states only a sup-pression of the Σ 1 population was observed.
IV. CONCLUSIONS AND OUTLOOK
We could show that quantum light in a cavity may be used to control nonadiabatic dynamics in LiF. The squeezed state phase and/or the coherent states can be used to alter the dissociation rate via the Σ 1 state. The presented control scheme relies on a fixed phase between an external pump-pulse, triggering the nuclear dynamics, and the initial state of the photon mode. How the initial state of the cavity could be prepared in an experiment is an open question. For the generation of squeezedcoherent states non-linear optical processes such as optical parametric oscillators [47] or parametric down conversion [48] may be used. The externally generated, nonclassical, light then needs to be transferred to the cavity mode containing the molecule.
Future investigations should involve a multi-mode description. This will allow for a comparison with classical shaped laser pulses. The relative phases between the field modes can be expected to become important extending the control scheme significantly. Moreover, one may envision to extend the presented principle to arbitrary quantum light states. Optimal control theory would then optimize an initial quantum state of the cavity modes rather than the classical phase-amplitude shape of a light field. Moreover, an interesting field of study maybe the application of the control scheme to collectively coupled ensembles [20, 49] and the cavity mode frequency are ω 0 = ω c = 0.1 and cavity coupling is g = 0.01 (in atomic units).
The time evolution for a Fock state is shown in Fig. 8 , which shows a good agreement with the time evolution of the classical light field.
Figs. 9 and 10 show the time evolution for a different coherent states. While the expectation value for the electric field is good agreement with the classical the time evolution of the populations differs more and more with every Rabi cycle. 
